Influence of Secondary Flows on the
Stability of Chemically Reacting Systems

A model is presented for convection and chemical reacton in porous
media. An irreversible chemical reaction of arbitrary order is consid-
ered. Reactant depletion allows for basic solutions in either the kinetic
or the diffusion regime. The cases of forced flow parallel to the lateral
walls of the cavity and a closed system are addressed. A linear stability
analysis of the basic states is performed and critical values of the ther-
mal Rayleigh number for the onset of natural convection are determined.
A dispersion relation is derived and a graphical representation of the
linear stability analysis results is provided for typical values of the sys-
tem parameters. Analytical predictions are verified by results obtained
by numerical integration of the complete set of nonlinear partial differen-
tial equations. The effect of natural convection is discussed when the
basic state is either in the kinetic or in the diffusion regime. For large
gradients, associated with the diffusion regime, chemical reaction can
drive free convection even for low values of the Rayleigh number. In
forced flow systems, natural convection can change substantially the
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fiow pattern of the system.

Introduction

Natural convection in confined porous media has received
much attention in the last decades (Combarnous and Bories,
1975). Most of the work has been devoted to the case of a global
driving force that results from a thermal gradient applied to the
boundaries of the system.

As changes in the density lead to natural convection, chemical
reactions can provide a distributed driving force for free convec-
tion phenomena. Usually it is assumed that there is no free
convection in chemical reactors, and that the effect of variable
density can be safely neglected. Experimental evidence in chem-
ically reacting systems (Mikus et al., 1979) indicates that in
many important situations the influence of the natural convec-
tion cannot be overlooked. Indeed, recent studies have shown
that under certain conditions the influence of the flow field can
be important and that reaction fronts, apparently planar, can be
corrugated due to the variable-density effect (Sivashinsky and
Matkowsky, 1981).

The conditions for the onset of convective instabilities are rep-
resented by the critical value of the Rayleigh number. Thus,
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occurrence of natural convection instabilities can be neglected
only for systems with subcritical values of the Rayleigh num-
ber.

Two problems are manifested in studying the progress of a
chemical reaction under natural convection conditions: First,
the onset and development of natural convection because of the
chemical reaction and, second, the influence of the development
of the free convection on the progress of the reaction. An exam-
ple of the first problem is the transition from a conduction-reac-
tion regime to a conduction-convection-reaction regime. An
example of the second problem is the operation of a chemical
vapor deposition (CVD) reactor, where the existence of natural
convection could be a potential source of film nonuniformities.

A large volume of information has been published on the
onset of convection in nonreacting systems. However, there is
need for a systematic study of the effect of chemical reaction on
the occurrence of convective instabilities. Gatica et al. (1987)
addressed the special cases of isothermal reactions and zero-
order reactions without reactant depletion. A linear stability
analysis was performed and neutral stability conditions were
confirmed by numerical results. Steinberg and Brand (1983)
investigated the instabilities of a binary mixture with fast chem-
ical reaction when heated from below or from above. They found
that oscillatory modes can exist, depending on the sign and mag-
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nitude of the heat of reaction. Viljoen and Hlavacek (1987)
studied the nonlinear interaction between different convective
models and the conduction state for the case of zero-order reac-
tion. This is a natural extension of the linear stability analysis
and useful information on the stability of the convective state is
extracted from this analysis. A similar approach was used by
Bdzil and Frisch (1980) to treat the case of a dissociating fluid
superimposed on the Benard problem. Their results indicate the
effect of a chemical reaction on the conventional Benard results.
In this study an irreversible chemical reaction of arbitrary order
is considered. Reactant depletion is taken into consideration and
thus different basic states can exist. Solutions in the kinetic
regime are characterized by quasi-linear temperature profiles.
Temperature profiles in the diffusion regime are typically non-

linear, and as the heat released increases, boundary layers are -

formed.

Most of the work on the onset of convection in porous media
(with or without chemical reaction) has assumed that the fluid
in the basic equilibrium state is motionless. The treatment of
flow instabilities for systems with throughflow is incomplete
(Jones and Persichetti, 1986). Both closed and flow systems are
analyzed in this paper. In the rest of the text, “closed system”
refers to a confined porous medium saturated with reactive
fluid. The two lateral walls as well as the bottom are considered
nonpermeable and adiabatic. The upper plane is kept at a con-
stant temperature and allows fresh reactant to diffuse into the
system. Figure 1 presents the scheme of the reaction system.

Model Formulation

The analysis of flow and heat and mass transfer processes in
chemically reacting systems is usually based on the transport
equations resulting from the differential balance laws. Detailed
information on the velocity profiles and the concentration and
temperature fields is extracted from the solution of the asso-
ciated transport equations subject to the pertinent boundary
conditions. When reactive flow through a complex structure
such as a porous medium is involved, these equations are still
valid inside the pores, but the geometric complexity prevents
general solutions of the detailed velocity profiles and the concen-
tration and temperature fields. Instead, some form of macro-
scopic balance based on the average over a small volumetric ele-
ment must be employed.

For the mathematical treatment of the heat and mass transfer
processes in fixed beds, with or without chemical reaction, two
general types of models have been developed:

1. The one-phase, known as pseudohomogeneous, model;
where the reactor is approximated by a quasi-continuum me-
dium

2. The two-phase, also called heterogeneous, model; where
both phases, solid and fluid, exchange heat and/or mass, and
such transport processes are accounted for separately

Of these two models, the second is clearly more realistic.
However, Vortmeyer et al. (1974) have shown that a reliable
description of the temperature and concentration fields in
packed beds can be attained through a pseudohomogeneous
model if the transport coefficients are chosen appropriately.

Tt is well known that in flow through a porous medium the
pressure drop caused by the frictional drag is directly propor-
tional to the fluid velocity (low-speed flow). This is the familiar
Darcy’s law, which relates the pressure drop and the velocity of
a fluid in an unbounded porous medium. At higher velocities,
however, inertial effects become appreciable, causing an in-
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crease of the drag coefficient. Experimental observations indi-
cated that the pressure drop in the bulk of a porous medium can
be approximated by a quadratic function of the flow velocity.
Thus, for high Reynolds number flow calculations in a porous
medium, Darcy’s law is usually replaced by the scalar nonlinear
Ergun equation (Ergun, 1952). However, the inertial term, asso-
ciated with microscale inertial effects, can be neglected if the
particle Reynolds number is small. This assumption is made
here and non-Darcy effects are neglected.

There is still some controversy about the boundary effect
inclusion for the treatment of flow in porous medium (Nield,
1983). This subject will not be addressed in this work.

The present analysis is based on the assumption that the
medium has a constant porosity. The effect of porosity variation
near the walls, as discussed by Chandrasekhara and Vortmeyer
(1979), is neglected.

Finally, the Boussinesq approximation, which states that the
fluid density is constant everywhere except in the external forces
term, is also considered valid.

Under these assumptions, mass, and momentum transfer pro-
cesses for a chemical reaction system, as visualized in Figure 1,
will be governed by the following dimensionless equations.

Mass Balance

d
_)t} =u+Vy+ LeVY + DaR(y,0) N
Energy Balance

a0 2

o~ == u-V0+ 6+ BDaR(y,0) )
where R(y,8) = (1 — y)"exp [0/(1 + 8/v)]
subject to

dy 96

0—£=£=0 atz=0,0=x=1

y=86=0 atz=1,0=x=<1

4

_y=8_0=0 at0=z=<1,x=0,1

dx dx

Figure 1. Scheme of the reaction system.
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while the flow field will be described by

Continuity Equation

V-u=0 3)
Momentum Balance
I fou 1 Vu v
—_— — . - — —u
Pr,\ot + € -1 Pk

+ (Raf + Ra,y)(sinB 2 + cos B x) (4)

Equations 3 and 4 are known as the Darcy-Boussinesq-Ober-
beck model for flow through a porous medium. They can be sim-
plified by eliminating the time dependency, since for most situa-
tions of interest Pr, » 1 (Straus, 1974).

As shown in the literature (Bird et al., 1960), the elimination
of the pressure in the equation of motion leads to an equation
that can be handled more easily than the original set of Eqs. 3
and 4. The pressure is eliminated by making use of the stream
function definition

£=2xg-5cx2=V2:[/
Here £ denotes vorticity and Egs. 3 and 4 become

sin 8 a0 ay
V4 = ——|Ra, — =
¢/ a (Ral ax + Raz ax)

] 2]
+ cos 3 (Ral g; + Ra, 8_}2)) (5)

Equation S will be referred to as the vorticity equation.
The boundary conditions can be written in terms of the
stream function as

= —aPex atz=0,1 O0=x=<l
¢v=0 at0sz=<l, x=0

¢Y=—aPe at0=z=<1, x=1

Simplification of the Model

Equations 1 to 4 are to be solved to establish flow, concentra-
tion, and temperature fields. This general formulation can be
simplified for two particular situations, isothermal and noniso-
thermal reactions.

Isothermal Reaction Problem. It is no longer necessary to
consider the energy balance. The mass balance becomes

%—Jti= ~u -+ Vy + LeV’y + & Le R(y) 6)

Here, ®* stands for the effectiveness factor.

Nonisothermal Zero-order Reaction without Reactant De-
pletion. This is the typical problem referred to as thermal explo-
sion. Since there is no change in the concentration the energy
balance is decoupled from the mass balance, which is no longer
considered.
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The energy balance becomes
80 6
—=—u-V0+ V0 + FKexp|— 7
"at u-Vo+ + exp(l+6/7) )

where FK = BDa.
In the latter case the vorticity equation, Eq. 5, can now be
written as

sin B 36 a0
9% = Ra,|— — —
' a,( . ax%—cosﬁ(ﬁ)
These two situations were analyzed in previous contributions
(Gatica et al., 1987; Viljoen and Hlavacek, 1987). In this study
we will concentrate on a general nonisothermal case.

Linear Stability Analysis

For subcritical values of the Rayleigh numbers, Ra; < Ra, or
Ra, < Ra,,, convective instabilities do not exist. Thus the tem-
perature, concentration, and flow fields are described by a basic
state (0,, ¥, ¥,), which results from

1 a\bo ay a‘l’a 6yo
| e Je _To _Je vz K _
a(az ax 7% 5z) T LeVYVe + FK/BR(y,6) =0 (3)
1 (oY, 08, oy, a6, )
o (az ax  ax az) + V0, + FKR(y,,0,) =0 (9)
in § 36 a9,
_Vz\[/o + Ral ﬁ__" +cos =
a 0x 9z
in8a s
Ray (BB Pe o5 P2 o (10)
dx a9z
with ¥, = —a Pex. Any small perturbation imposed on the sys-

tem will disappear, and the system will return to the basic
state.

For certain critical values of the Rayleigh numbers, namely
Ra, = Ra, or Ra, = Ra,,, small perturbations will drive the sys-
tem toward a new state (y, 8, ¥). It can easily be seen that the
basic solution, ¥, = —aPex, will only hold (and so will Egs. 8-
10) if cos 8 = 0. If cos B8 # 0, this basic state will only be valid
for Ra, = Ra, = 0. [We neglect the exceptional situation where
Ra, - (d6,/dz) = —Ra, (dy,/dz), 0 < z < 1.] Since we are not
interested in the trivial solution, we will only analyze the two
cases § = w/2 and B = 3x/2. As a result, the term containing cos
8 can be eliminated in the vorticity equation, Eq. S.

Let us now consider the situation where the system in the
basic state, and Ra, = Ra,, or Ra, = Ra,,, is perturbed as

V=Yoot ey + €Yy + -«
0=0,+¢l, + €0, + - - -

V=, + el + Y+
with
Ra, = Ra, + eRa} + €Ral + - - -
or

Ra, = RS, + eRay + éRas + « - -
2¢
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100.

Ro

constant.

In the rest of the paper we will consider the thermal Rayleigh
number Ra, as the bifurcation parameter. The mass Rayleigh
number Ra,, like the rest of the system parameters, will remain

Thus the first-order perturbation equations are

ay, dy, Y, 8y,
=L oaPe = 4 L0 [ev?
ar (“ 3z " ax az) TN
+ FK/B[Ry(yos 60)}’1 + R«?(ym 00)61] (11)
ad, 1 a6, dy, 46,
0. Y 250, 300, 4b°‘R05°°’ O'E=—;(—-apeaz+—5;‘£ +V201
’ + FK[R, (Yo 831 + Ry 8301} (12)
Figure 2. Influence of Lewis number on neutral stability Y ! i !
condition. sin a0 a
v+ R P R, P 0 (1)
ax d
(In this section ¢ denotes a small expansion parameter and is not subject to the following boundary conditions
to be confused with the void fraction used in later sections.) The ] g y conditr
dyga;nic behavior of the system will be governed by Egs. 1, 2, y,=0,=0, at0O=x=<1,z=1
and 5.
; i g a0
To make the problem. more tractable, the reaction term is D% o at0<=x 1,z=0
expanded around the basic state as 8z 9z
dy, a6,
—=-—=0atx=0,1,0=<z<1
R(V! 8) - R(yov 00) + Ry(yos 00)(6)’1 + €2y2 + o ') ax 9x
+ Ry( Yo 0)(e0) + €0, + + < <) + -« « ¥, = 0 along the boundaries
500 ' - T . 25 T
\
Ro kot kw2 u-.':\x-c\\ km FK = o068 /// Ra n-|\\ n-z\\ --3\\ x-Q\\ =S FK = 20
400 \ ! 20 ‘ ! ! b
300 18,
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Figure 3. Neutral stability curves for Le = 1.
(a) Kinetic regime Pe = 1; (b) Diffusion regime Pe = 1
(c) Kinetic regime Pe = 0; (d) Diffusion regime Pe = 0
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Suitable trial functions for the perturbation solutions are

» =Y .cos [(2m — 1)x/2z] exp (ikmx + wt)
8, = T . cos [(2m — 1)w/2z]) exp (ikwx + wi)
¥y = F . sin (mwz) exp [i(knx — 7/2) + wt]

Using a variational formulation, the weak form of the system
of Egs. 11 to 13 is:

2 kZ 2
WY = —Pe*(2m — 1)§Y— Le|(am - 1) -+ —|Y
[44

2
sin BD% (Ra}.T + Ra,Y)

2 k2 2
owT = —Pe*Qm - 1) =T — |2m - 1)* T + |1
2 4 @

2

- m sin ﬁDf(Rach + Ra,Y)

+ FK(EYT + E2Y) (15)

T2 7 2y
('’ + k) Pe* = f vsin[(Zm - l)Iz]exp (ikrx + wt) dQ
+ FK/B(ET + E}Y) (14) o Yo 2
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Figure 4a. Flow fields for kinetic regime in region ! (o = 1.5).
(a) Ra = 75, Pe = 0; (b) Basic solution Pe = 1; () Ra = 135, Pe = 1
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1~ 6,6
DY = — — —dQ
! c,j;vazT

1 ayo B4
D} = — — . —dQ
2 c,‘/n.vaz y

1 6,
* 1
Bt - [ 2Ry, 0) 7 de

The dispersion relation is
(Pe + C)[Pe + C + D;Ral, + D,Ra, — FK(E¥ + E*/B)]
= (1 — Le)C(Pe + C + DRa’, + D,Ra, — FK - E¥)
+ FK(E*Ra}. — EfRa;))(D,/B — D) (16)

where
1 —_—
E}=— f OR(Psn 0,,)‘;%d9 Pe = (2m — 1)w/2Pe*
e C = [2m — 1Yr¥/4 + KPx?/a?]
2
Here v = v(x, z), stands for a weighting function. D, = T sin 8 - D}
Then, provided the principle of exchange of stabilities holds R
(Jones, 1973) for w = 0, the neutral stability condition is given D - sin 8 - D*
by the eigenvalues of the system of Eqs. 14 and 15. 2T (el + KD :
s . . — . e .
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Figure 4b. Temperature fields for kinetic regime in region | (« = 1.5).
(a) Basic solution Pe = 0; (b) Ra = 75, Pe =~ 0
(¢) Basic solution Pe = 1; (d) Ra = 135, Pe = |
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In Figure 2, for a typical set of system parameters, the influence
of the Lewis number on the neutrali stability condition is shown.
As a result of our choice of trial functions, a linear relation
between both Rayleigh numbers results. The region above the
lines represents the convection regime; below the line only con-
duction is possible. As the Lewis number deviates from unity
two limits are observed. For Le « 1, the critical values approach
the limit of convection driven by concentration only (Ra,). For
Le > 1 the influence of the mass driven convection (Ra,)
becomes weaker, converging to the limit case of thermally
driven convection (Ra,) only, for Le » 1.

For the sake of simplicity, the situation of Le = 1 will be ana-
lyzed in this work. For this particular case the solutions ( y,, 6,
¥,) of Eqgs. 8 and 9 satisfy the relation y, = 8,/B, and Eq. 16 is

reduced to the simpler expression:

_ [Pe+ C— FK(E} + E$/B)]
- (-Dy)

0
(4

where the global Rayleigh number, Ral, stands for the linear
relation defined by

Ra’ = Rd}, + Ra,/B. 17

For the computation of the integrals in the dispersion rela-
tion—namely, Pe*, D}, D¥, E¥, and E?—the basic state is cal-
culated by numerical solution of Egs. 8 and 9 for Ra, = Ra, = 0.
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Figure 5a. Flow fields for kinetic regime in region Il (« = 2.5).
(a) Ra = 75, Pe = 0; (b) Basic solution Pe ~ 1; (c) Ra = 135, Pe =~ 1
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To compute the neutral stability curve the Petrov-Galerkin
approach with v = 1 and the Galerkin approach are used.

Below we are going to analyze the effect of free convection on
the behavior of kinetic and diffusion regimes. For basic solutions
in the kinetic regime, the analysis showed to be insensitive to the
weight function chosen. On the other hand, basic solutions in the
diffusion regime are characterized by the existence of boundary
layers caused by the chemical reaction; that is, the major con-
version and temperature variations are confined to a thin layer
adjacent to one of the boundaries. Stability predictions are
strongly dependent on the kind of weighting function used. In
the latter situation, the problem becomes independent on the
length of the system and it should be rescaled.

Values of the Parameters

In this section some typical values of system parameters are
presented and bounds of reliability of the analysis are estab-
lished.

The reaction parameters, namely, adiabatic temperature rise,
activation energy, and Damkaéhler number, do not depend on the
system geometry or flow characteristics. Typical values for
fluid-solid reaction systems are

10=vy=<50
2=B=50
0.001 < Da <0.1

0. 05000 1 0. 05000
0. 1000 —  ———————————0. 1000 —— |
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i
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Figure 5b. Temperature fields for kinetic regime in region Il (« = 2.5).
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(a) Basic solution Pe = 0; (b) Ra = 75, Pe = 0
(c) Basic solution Pe = 1; (d) Ra = 135, Pe = 1
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It is well known that the pressure drop in a porous medium
can be approximated as a linear combination of the Carman-
Kozeny and Burke-Plummer equations (Ergun, 1952).

150(1 — ¢)* &,
Friction forces = (3 > O kb Pe
€D, LpCy
1.75(1 — ¢) (k,)z 1 ,
+ — . Pe
D \L| pCyy

However, for a certain range of fluid velocities, just the linear
dependence of the pressure drop on the fluid velocity (namely,

e o Te |
/ R
OO / / —_— \ O\ n
/ N
[ b
° | / 3
o l / - \
S | , <
S | P
o 1 , l
e | B \ I
o g ° 9 / |
~ O T 9 /)
(o] O O
2 § Ve /o
0 S v [
% \ S
N ~ . 7/ L
T |
T T T T T T T T T T L T T T |/
(a) Flow Field

0. 05000

‘(b)v Te’mp‘eravturé Fi‘eld‘
Figure 6. Perturbed solutions in kinetic regime for nega-

tive values of Rayleigh number.
a = 2.5; Ra, = 715, Ra, = —1,200; Pe = 0
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the Carman-Kozeny equation) provides a reliable description.
The range of linear dependence depends on fluid and packing
characteristics. Consider a packed bed of 0.5 m depth filled with
glass beads of 0.01 m dia. If the fluid is a gas (e.g., air) at room
temperature and atmospheric pressure, the bound is Pe < 0.015.
For a liquid (e.g., water) at the same conditions, the limit of
reliability is expanded to Pe < 1.

As explained above, the validity of Darcy’s law (linear depen-
dence between pressure drop and fluid velocity) allows estima-
tion of the Rayleigh number through the Carman-Kozeny rela-
tion. Thus the Rayleigh number defined as

C T,
Ra1=5,.g(u)i.L.__
v rk. Y

becomes

oC, D% LT,
oo 5 L
v Y

150(1 — ¢)? &,

For the example presented above, a typical value of the Ray-
leigh number for air is Ra, = 0.4(7T,/v), and for a liquid Ra, =
93.6(T,/~). Typical values for the driving force (T,/v) can be
estimated as 10 = T,/y =< 50, K.

The thermal Rayleigh number Ra, is usually positive (an
exception is water between 0 and 4°C). The concentration Ray-
leigh number Ra, can attain negative values if a heavy product
is formed during the course of the reaction. Shtessel et al. (1978)
showed that for both gases and liquids, | Ra,| > Ra,. Evidently,
Ra—as defined by Eq. 17—<can be negative.

Discussion of Results

It has been shown above that Eq. 16 represents the condition
for neutral stability. In Figure 3, neutral stability curves are dis-
played for a typical set of system parameters. The solid lines in
Figure 3 indicate the minima of the set of curves presented. The
region above a solid line will be referred to in terms of the &
value of the solid line. For example, region I refers to values of
Ra, slightly larger than those indicated by the solid part of the
k =1 line. When two k lines have the same minimum, two possi-
bilities exist. This question, however, cannot be elucidated from
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Figure 7. Multiplicity of solutions for basic state.
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Figure 8. Influence of natural convection in diffusion regime (a = 2, Pe = 0).
(a), (b) Basic temperature field; (c) Flow field for Ra = 10; (d), (¢) Temperature field for Ra = 10

218 February 1988 Vol. 34, No. 2 AIChE Journal



.‘._1 B . I “ " T —_ A S SR Y SO S \-4\\ " _.[ "N A' - y e SO Y —
: ! ! e N A S
| | | | \AYrs

&® 7 =
. SRR
| | | TN

* rl,u ! 11 o §,Tl' ( } I |

: 8 o w s Ti' H\ ?% / ]

~ g i g | Fog gLy
r ! 1 Frinibe /
| } : ] Il | g \\ /

‘ ‘ ‘ o / 3 \ \
| | | /1A \\
} | | ‘Po" | {‘90
e L P~ U RS
(a) (d)
i.OOO 1
2. 000 ]
.
=
bl
bl
t
999055558
OO0
S
| Nt
T L
it i

gty

Figure 9. Influence of natural convection in diffusion regime (a = 2, Pe = 1).
(a) Basic flow field; (b), (c) Basic temperature field; (d) Flow field for Ra = 6; (¢), (f) Temperature field for Ra = 6

AIChE Journal February 1988 Vol. 34, No. 2 219



.........

| Py - ; —
l ! | / T W
| | | /o S0
l 1 1 ]| // e seo, Y \\ ~
I T
181 \f' r
+ ! .' ! 1610 o RO
' g 5 n 1y f ! bl
S 8 8 14 ‘ \ / \ / ] I
| | | RS / o d
2 I !
i i | s v N
| | | 1 \ \\ // /
| | | \ TN
SRR S S SR i N |
(a) (d)
- ] — - ] r 4 TOOO _ _ L
1. 000 J» .//_—_2.000 —_\>
2. 000 ] 2. 000 r
2. 000 ; /::oo x
4. 000 r W s, 900 j . {
s- 005 ; : © ooo% O‘ Ooo\:
6. 000 ; 9 ° \s}°‘oo L
L 4»°°/_\ ¢ % \
7. 000 P %D \
- % \1
] [ \
| L
1 r
- IL I
1 |

(b) (e)

Figure 10. Different rotation direction for recircutation cells (o« = 2, Pe = 1).
(a) Basic flow field; (b), (c) Basic temperature field; (d) Flow field for Ra = 6; (€), (f) Temperature field for Ra = 6
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the linear stability analysis and pattern interaction must be con-
sidered.

It can be shown (Viljoen, unpublished results) that the linear
stability analysis is second-order accurate. Thus, the solution
can be predicted for system parameters slightly away from the
lines in regions where there is no overlapping.

From Figure 3, as well as from the dispersion relation, Eq. 16,
it follows that the forced flow constitutes a stabilizing factor. As
the Peclet number increases, the neutral stability curves are
shifted toward the region of higher values of the Rayleigh num-
ber.

From Figure 3 we can infer the minimum and maximum size
of a cell. This is apparent from a comparison of Figures 4 and 5,
where both the basic and perturbed solutions are shown. These
drawings differ in the aspect ratios. A change in the size (width)
of the system can change the number of stable cells. In terms of
the neutral stability curves, this is equivalent to moving parallel
to the abcissa axis, from region I to region Il or vice versa.

For open systems, the influence of the natural convection can
be assessed from Figures 4 and 5. Natural convection generates
cells which, in the case of open systems, create stagnant regions
(recirculation cells) and preferential paths (channeling) for the
flow. Obviously, the stronger the forced convection, the smaller
the size of free convection cells.

An interesting result was observed for the closed system (Pe =
0) when 8 = 3w/2. Natural convection is stabilized by suffi-
ciently large negative values of the global Rayleigh number Ra?.
Owing to Ra,, this number can be negative and natural convec-
tion is stabilized. In Figure 6, where this situation is illustrated,
the combination of mass and thermal Rayleigh numbers pro-
vides a negative value for the global Rayleigh number.

It is well known that the chemical reaction system addressed
in this work can exhibit multiplicity of solutions when natural
convection is neglected, Figure 7. The analysis presented here
has shown that for operation in the diffusion regime (upper
branch), the critical values for the onset of convection can be
more than one order of magnitude smaller than those in the
kinetic regime. It was shown above, in discussing typical values
of the parameters, that Ra, can attain values ranging from 4 to
20 for a gas. Even for these low values of Ra,, natural convection
is likely to develop for reaction systems operating in the diffu-
sion regime, Figure 3.

Figures 8 and 9 present a comparison of basic and perturbed
solutions. These figures reveal that the effect of natural convec-
tion is more prominent in the diffusion regime. In this regime,
the basic solution is usually characterized by the existence of
boundary layers close to the inlet of the system. The natural con-
vection creates recirculation flow (cells) inside the system; this
flow is divided upward or downward and the system is cooled or
heated depending on the flow direction. The boundary layers
expand where the flow effectively cools the system; conversely,
they are compressed where the flow brings warmer fluid to
regions of higher reactant concentration. The wrinkling of the
boundary layers also depends on the number of convection cells
present. Thus, even though the maximum temperature is still
equal to the adiabatic value and complete conversion is
achieved, the natural convection is responsible for nonuniform
temperature and concentration fields.

As a final remark, it should be pointed out that different rota-
tions correspond to different temperature and flow fields. For
instance, Figures 9 and 10 display different flow patterns for the
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same governing parameters. The channels occur either at the
center or adjacent to the lateral walls. However, the linear sta-
bility analysis does not provide any information on the stability
of opposite rotating modes and the subject needs further investi-
gation.
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Notation

C = concentration, kmol - ’
C = specific heat, kJ - kg" K‘

= effective mass diffusivity, m} - m~' . s~!
equivalent catalyst pellet diameter, m
= tube diameter or width of system, m
activation energy, kJ - kmol ™'

DP
D,
E
g = gravity acceleration, m - 572
ke
k

effective thermal conductivity, kJ - m~! . s . K™!
, = preexponential factor, s
= length or height of system, m
n, = order of reaction
p’ = pressure, Pa
p = dimensionless pressure, p = p'« - e/(u,oz)
R = universal gas constant, kJ - kmol™! - K~!
= time, s
t = dimensionless time, = ' - u,/L
T = temperature, K
u' = fluid superficial velocity vector (u}, «;), m -
u = dimensionless fluid velocity vector (u;/ u,,, u / uo)
Uy = characteristic velocity (¥, = o'/L), m -
x' = horizontal coordinate, m

x = dimensionless horizontal coordinate, x = 2x'/D,
y = conversion, y = 1 — C/C,
7' = vertical coordinate, m

z = dimensionless vertical coordinate, z/L

Dimensionless groups

B = adiabatic temperature rise, B = (T, — T,)y/T,

Da = Damkéhler number, Da ~ ke "L*C"!/(ea)

FK = Frank-Kamenetskii parameter, FK = B.Da

Le = Lewis number, Le = D,/of

Pe = Peclet number, Pe = u,L/o

Pr, = Prandlt number for porous media (Darcy number), Pr, = v eL?/

(k « o

Ra, = thermal Rayleigh number, Ra, = 8, « x + L/ (v, o) (T,/%)
Ra, = concentration Rayleigh number, Ra, = 8,gxL/(v;')C,

Greek letters

a = aspect ratio, o = D,/2L
= thermal diffusivity, m®

3 = tilt angle, rad
8, = coefficient of volumetric expansion (thermal), K~*
8, ~ coefficient of volumetric expansion (mass), m® - kmol "
¥' = dimensionles activation energy, v = E/RT,

¢ = void fraction, m} - m*

0 = dimensionless temperature, § = (T — T,)v/T,
p = density, kg - m™*

« = permeability, m

u = dynamic viscosity, Pa - s

v = kinematic viscosity, m? - s~!

o = heat capacities ratxo =14+ pC, - (1 - €}/(pr- Cpre)
¥ = stream function, m? . ™'

¥ = dimensionless stream function, ¢ = y//o’

s—l
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Subscripts

a = adiabatic
¢ = critical

f = fluid phase
s = solid phase
o=atzZ =1L
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